Introduction and Preliminaries
The aim of this article is to prove an intuitionistic fuzzy version of the Hyers-Ulam-Rassias stability for the functional equation:
which is said to be a functional equation associated with inner product spaces. It was shown by Rassias 1 that the norm defined over a real vector space X is induced by an inner product if and only if for a fixed integer n ≥ 2 it follows n i 1
x i − 1 n n j 1
x j 2 n i 1
x i 2 − n 1 n xiii lim t → ∞ ν x, t 0 and lim t → 0 ν x, t 1.
In this case μ, ν is called an intuitionistic fuzzy norm.
Example 1.4 cf. 37 . Let X, · be a normed space, a * b ab, and a b min a b, 1 for all a, b ∈ 0, 1 . For all x ∈ X and every t > 0 and k 1, 2, consider
Then X, μ, ν, * , is an IFNS.
The concepts of convergence and Cauchy sequences in an intuitionistic fuzzy normed space are studied in 27 .
Let X, μ, ν, * , be an IFNS. Then, a sequence {x k } is said to be intuitionistic fuzzy convergent to x ∈ X if, for every ε > 0 and t > 0, there exists k 0 ∈ N such that μ x k −x, t > 1−ε and ν x k − x, t < ε for all k ≥ k 0 . In this case we write μ, ν − lim x k x. The sequence {x k } is said to be intuitionistic fuzzy Cauchy sequence if, for every ε > 0 and t > 0, there exists k 0 ∈ N such that μ x k − x , t > 1 − ε and ν x k − x , t < ε for all k, ≥ k 0 . X, μ, ν, * , is said to be complete if every intuitionistic fuzzy Cauchy sequence in X, μ, ν, * , is intuitionistic fuzzy convergent in X, μ, ν, * , .
Intuitionistic Fuzzy Stability
Throughout this section, assume that X, Z, μ , ν , and Y, μ, ν are linear space, IFNS, and intuitionistic fuzzy Banach space, respectively. For convenience, we use the following abbreviation for a given function f : X → Y :
We begin with the Hyers-Ulam-Rassias type theorem in IFNS for the functional 1.1 which is said to be a functional equation associated with inner product spaces. μ Δf x 1 , . . . , x n , t 1 · · · t n ≥ μ ϕ x 1 , t 1 * · · · * μ ϕ x n , t n ,
ν Δf x 1 , . . . , x n , t 1 · · · t n ≤ ν ϕ x 1 , t 1 · · · ν ϕ x n , t n ,
for all x ∈ X and t > 0. Setting
2.16
for all x ∈ X and t > 0. It follows from 2.15 and 2.16 that
2.17
It follows that
2.18
Define
2.19
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Then, by our assumption,
Replacing x by 2 n x in 2.18 and applying 2.20 , we get
2.21
Thus for each n > m, we have
where n j 1 a j a 1 * a 2 * · · · * a n , n j 1 a j a 1 a 2 · · · a n . Let ε > 0 and δ > 0 be given. Since lim t → ∞ μ 1 x, t 1 and lim t → ∞ ν 1 x, t 0, there exists some t 0 > 0 such that
2.23
for all t > t 0 . This shows that the sequence {f 2 n x /4 n } is Cauchy in Y, μ, ν . Since Y, μ, ν is intuitionistic fuzzy Banach space, {f 2 n x /4 n } converges to some point Q x ∈ Y . Thus, we can define a mapping Q x : X → Y such that Q x : μ, ν − lim n → ∞ f 2 n x /4 n . Moreover, if we put m 0 in 2.22 , we get
Thus,
Now, we will show that Q is quadratic. Setting x i 2 m x i i 1, . . . , n and t i t/n i 1, . . . , n in 2.2 , we obtain
2.26
for all x 1 , . . . , x n ∈ X and t > 0. Letting n → ∞ in 2.26 , we obtain μ ΔQ x 1 , . . . , x n , t 1, ν ΔQ x 1 , . . . , x n , t 0, 2.27
for all x 1 , . . . , x n ∈ X and all t > 0. This means that Q satisfies the functional 1.1 and so it is quadratic see Lemma 2.2 of 4 . Next, we approximate the difference between f and Q in intuitionistic fuzzy sense. By 2.25 , we have
2.28
for every x ∈ X, t > 0 and large enough n. To prove the uniqueness of Q, assume that Q is another quadratic mapping from X to Y , which satisfies the required inequality. Then, for each x ∈ X and t > 0,
2.29
Since Q and Q are quadratic, we have
2.30
for all x ∈ X, t > 0 and n ∈ N. Since 0 < α < 4 and lim n → ∞ 4/α n ∞, we get lim n → ∞
Therefore μ Q x − Q x , t 1 and ν Q x − Q x , t 0 for all x ∈ X and t > 0. Hence, Q x Q x for all x ∈ X. This completes the proof of the theorem.
Theorem 2.2. Let ϕ : X → Z be a function such that ϕ 2x αϕ x for some real number α with 0 < |α| < 2. Suppose that an odd function f : X → Y satisfies the inequality μ Δf x 1 , . . . , x n , t 1 · · · t n ≥ μ ϕ x 1 , t 1 * · · · * μ ϕ x n , t n , ν Δf x 1 , . . . , x n , t 1 · · · t n ≤ ν ϕ x 1 , t 1 · · · ν ϕ x n , t n , 2.32
for all x 1 , . . . , x n ∈ X and all t 1 , . . . , t n > 0. Then there exists a unique additive function A : X → Y such that
2.33
for all x ∈ X and t > 0, where
t .
2.34
Proof. Put x 1 nx 1 , x i nx 1 i 2, . . . , n , t i t i 1, . . . , n in 2.32 and using the oddness of f, we obtain
for all x 1 , x 1 ∈ X and t > 0. Interchanging x 1 with x 1 in 2.35 and using the oddness of f, we get
for all x 1 , x 1 ∈ X and t > 0. It follows from 2.35 and 2.36 that
≤ ν ϕ nx 1 , t ν ϕ nx 1 , t ,
2.37 k 0 α/2 k ν 2 x, 2 − α t 4 .
2.53

